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ABSTRACT /%4$
The study is concerned with the dynamic properties of an
explosion in a medium consisting of condensed phase fuel particles
dispersed in a gaseous oxidizer. The influence of the parameters
which characterize the problem is determined from numerical solu-
tions of a simplified analytical model and the effect of transport

phenomena on equilibrium gas-particle dynamics is examined.

The history of the process is analyzed assuming that the
flow field is one-dimensional in space. While the most realistic
approach is adopted for the thermodynamic description of the
medium, all other effects are simplified to the most elementary
form in order to establish a fundamental point of departure for
the assessment of their possible influence, The flow field is
considered to consist of a simple wave where the oxidizer gas
carrier is compressed, and of a reaction zone where the substance
acquires the state of thermodynamic equilibrium. At first two
extremes of particle motion in the compression wave are taken
into account: (I) when they are assumed to be stationary at all
times; (II) when they are supposed to follow the gas motion iden-
tically. Then the effects of a more realistic particle motion
are investigated. The solutions, obtained by the use of an
IBM 7090 computer, refer to the properties of a hydrazine spray
in oxygen initially at NTP, and use the initial loading factor
(ratio of particle to gas concentrations) and the relative com-

bustion front velocity as the major parameters of the problem.
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Both the transient process and the final steady state are de-

termined for a wide range of these parameters,
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NOMENCLATURE

Dimensional

a -
d -
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1

E< s gt @I 3N 3

velocity of sound

particle diameter

constant pressure specific heat

constant volume specific heat

internal energy per unit mass (including internal
energy of formation)

enthalpy per unit mass (including enthalpy of formation)
Gibbs free energy per unit mass (including energy of
formation)

constant describing the rate of decrease of the surface
area of the reacting fuel particles

time rate of change of mass per unit cross-section area
molar mass

particle number density

pressure

particle radius

mean particle radius

universal gas constant

relative velocity of the reaction front

temperature

mass velocity

specific volume

absolute reaction front velocity
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space coordinate of reaction front
concentration

viscosity

particle trajectory in t-X space

density

Subscripts

e%_-
5.
Cz-
3 -
9o -
qr
g -

m-

mo =
O -

ts -

equilibrium

fuel

frozen
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initial gas properties

gas properties in the reaction zone

gas properties immediately ahead of the reaction front
mixture

initial mixture properties

initial conditions

particle

initial particle properties

particle properties in the reaction zone

particle properties immediately ahead of.the reaction
front

reaction zone properties

properties immediately ahead of the reaction front
steady state or entropy

transient quantity defined by Eq. (2~76)

vapor



Superscripts

A - Properties at the initial pressure

Non-dimensional
A = a/a.
AQE%- coefficients defined by Eqs. (2-45)
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C, - drag coefficient
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S - condensed component constant pressure specific heat

divided by that of the gaseous component
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d?,)d)z)(}- source terms defined by Eqs. (2-46)
1’ ~ coefficient defined by Eq. (2-79)



1. INTRODUCTION

The study is concerned with the generation of pressure
waves by the combustion of a heterogeneous medium consisting
of fuel in the form of condensed phase particles dispersed in
a gaseous oxidizer. The process under study is illustrated in
Fig, 1-1, which represents, on the left, a self-light streak
photograph of the development of an explosion of a kerosine
spray in oxygen, ignited by a glow plug in a 2 inch square cross-
section tube., While the acceleration of the combustion front
is quite evident in such a record, the flow field ahead of it
is not visible, although the existence of pressure waves is
apparent from the wavy traces of particles within the expanding -
combustion zone,

The analysis deals with the initial stage of the process.
Its extent in the time-space domain of Fig, 1-1 is restricted
to the regime delineated there by the broken line, indicating
that the scope of study is in essence limited to the interval
when the process is not yet affected by any wave interaction
phenomena, The flow field under consideration is represented
by the wave diagram on the right side of Fig., 1-1, demonstrating
the characteristics of the compression wave ahead of the flame,
as well as those in the reaction zone, The gas motion is repre-
sented by broken lines, while a particle trajectory is displayed

by a dotted line.



The purpose of this work is to lay down the fundamental
background for a systematic study of the flow field of Fig. 1-1,
In the development of the theory, care has been taken to intro-
duce all basic concepts in a general form so that a more accurate
description of the problem could be accommodated later,

In order to assess the relative importance of the variety
of physical effects that can be taken under consideration, it
appeared most reasonable to take into account at first the most
realistic description of the thermodynamic properties of the
medium, and simplify all other effects to the most elementary
form, permitting the establishment of bounds for the extent of
their possible influence. In this connection, the treatment of
the problem has been simplified by the introduction of the fol-

lowing idealizations:

1. The medium consists of fuel particles in a condensed
phase, and of a gaseous oxidizer in which they are uniformly
dispersed. The size of the particles is assumed expressible
in terms of a single, representative radius, while their number
is virtually invariant, and the volumetric fraction they occupy
is negligible.

2. The flow field is comprised of a simple wave, where
the oxidizer gas carrier is compressed while the change in phase
or state of fuel particles is negligible, and of a reaction zone
vérying with time, where the product gas is at a spatially uni-
form state while the particles acquire a distribution in size
depending on the time of their arrival in this zone. As illus-

trated by the somewhat idealized wave diagram of Fig. 1-1, one



of the consequences of this idealization is the substitution
of a set of horizontal lines for the system of characteristics
in the reaction zone. The approximation resulting from this
simplification, as demonstrated on this diagram, ought to be
quite good.

3. Two extremes of particle motion in the compression
wave are considered:

Case (I) where they are assumed at rest, and
Case (II) where they are supposed to follow the gas
motion identically.

4, In the compression wave the gaseous substance is assumed
to behave as a perfect gas with constant specific heats, while
in the reaction zone its thermodynamic properties are determined
from equilibrium composition analysis that takes into éccount
the distribution of fuel particles, as pointed out in Ideali-
zation 2,

5. While algebraically the problem is formulated in such
manner that any law for the reaction rate, as well as for the
relative speed of the combustion front, could be accommodated,
the numerical solutions are obtained for the commonly accepted
rule of a constant rate of decrease in the surface area of fuel
particles (whose validity has been established experimentally
only for the case of a single droplet burning in a stagnant
afmosphere) and a constant, relative velocity of the front
relative to the gas phase which has been adopted as one of the

major parameters for the study.



6. For numerical solutions the combustion front is consid-
ered to act solely as an interface between the reaction zone and
the unreacted medium without exhibiting any change in pressure,
and all extraneous effects, pertinent in particular to liquid
sprays, such as pérticle size and concentration profiles, vapor-
ization and shattering (in compliance with Idealization 1),
turbulence, transverse motion, boundary layer, and heat transfer
phenomena, are neglected,

After examining the relative importance of the various

parameters of the problem by the above method, the influence of

particle motion on the development of the flow field is investi~

gated. This is accomplished by assigning a realistic acceler-
ation force to the particles ahead of the reaction front while
retaining the simple wave form for the gas flow field.

Finally, the influence that heat and mass transfer between
phases may exert on the gas wave dynamic processes is studied.
The results of this study serve to estimate the importance of
transport phenomena in the unreacted region on the prominent

wave processes in a two-phase system.

Relationship to Current Literature

As a result of its profound influence upon the performance
analysis of rocket engines under both steady and unsteady oper-
ating conditions, the fluid dynamics of gases containing sus-
pensions of small particles has become recently a subject of
intensive study. The physical relations governing the motion

of a gas containing non-interacting solid particles have been



formalized by Marble [1] who, besides uniform flow conditions,
examined also the boundary layer flow and the Prandtl-Meyer
expansion, The relaxation phenomena behind shock and rare-
faction waves propagating through a particle-laden gas have

been studied by Soo [2], Kriebel [3], and Rudinger [4, 5], while
the one-dimensional expansion of gas particle systems was ana-
lyzed by Soo [2] and Kliegel [6]. Rudinger [7] also investigated
the effects of finite particle volume on particle~gas dynamics
and hence determined the range of validity for the commonly
accepted assumption that the particle volume is negligible,
Williams [8, 9] considered more specifically gas~liquid droplet
systems, inquiring into the characteristic features of spray
deflagration, as well as the structure of two-phase detonation
waves, A comprehensive exposition of two-phase combustion theory,
as well as a thorough review of the literature, is given by
Williams [10] in his text on combustion,

With the aim of contributing toward a better understanding
of combustion instability phenomena in liquid propeilant rocket
engines, the group at Princeton under the direction of Crocco
has carried out a comprehensive program of study on the subject
with a particular consideration of acoustic phenomena [11, 12,
13, 14], as well as non-linear wave interactions [15] and the
influence of acoustic oscillations in the ambient gas on single
droplet burning [16]. Agosta's group, meanwhile, investigated
the propagation of pressure waves in chemically reactive two-
phase mixtures [17] and the effect of various droplet phenomena
on heterogeneous combustion [18]. All these studies, however,

have been concerned primarily with the determination of conditions



which would contribute toward the amplification of an input
pressure disturbance without inquiring into the mechanism of
its initial growth,

The initial build-up of a pressure pulse in gaseous com-
bustion is now quite well understood [19, 20, 21]. The corre-
sponding process in a heterogeneous medium has been taken for
granted by most of the investigators although its proper under-
standing and control may yield one of the most effective means
of suppressing the tendency toward unstable operation of a com-

bustion chamber,



2. GENERATION OF PRESSURE WAVES
2-1, Analysis

2-1.,1, State Parameters

The state of the substance is described in terms of pres-
sure, temperature, and composition as independent parameters,
All other thermodynamic functions are then evaluated by the use
of fundamental thermodynamic identities for equilibrium compo-
sition on the basis of known properties of each constituent,
The composition is described in terms of volumetric fractions,
'7% , and concentrations, gg (in units of mass per unit of space).

The particles are described, according to Idealization 1,

by means of a representative radius, so that the volumetric

fraction they occupy is given by
4 == -
7%0 =37 TN (2-1)
where
Q0
3 ,
— ) 3
r =‘55P)L(r)dr
o
and

n ='J°°‘F(V‘)dl"

is the particle number density,

Their concentration is then:

4 =3 -
Yp= 9% = 3T M N @



A corresponding expression can be written for the gaseous phase,

The initial loading factor of the mixture is, under such

circumstances,

_;_‘ﬂ fa.r-f.‘cles) (2-3)
;z - ggds (J

where subscript " o' denotes the initial state,

The composition of the gas in the reaction zone is de-

scribed in terms of the mass ratio

T{;_E 45¥uei burned (2-4)

‘J exidizer gas

whence its rate of change

d_K‘ - i (d 3{ggi burned _’Y ,d'ﬂom'dizgr ga.s) :
(2-5

dt - 3ox3du'zer qas dt rdt

At the same time in terms of the average concentration of the

gas in the reaction zone,

dqr

ﬂ%uel burned T ljoxiJu’zer qus = gﬂ" (2-6)

The front travels at a relative velocity S with respect
to the oxidizer gas and since the gas is admitted to the re~
action zone only by the action of the front of this zone when

the local gas concentration is ﬂax,

d /. |
d_tt(xrjmudnzev (Jag) = bd‘j)‘ (2-7)



while, as is readily recognized,
d g, )= v (2-8)
dt ()‘Y‘Ij?uel burned) = m;_

where ﬁw_is the rate of gas generation due to the combustion of

fuel per unit area.

With Eqs. (2-4), (2-6), (2-7), and (2-8), Eq. (2-5) becomes
dY _ irY, ( _ ) i
Jgt ’igtiﬁ g = 5Ygale e

2-1,2, Fundamental Relations

The variation with time of the state in the reaction zone
is prescribed by means of a series of conservation equations.
The equations for the conservation of mass and energy are pre=-
sented for the mixture, the gas, and the particles in this
region to illustrate the consistency of the development although
they will not all be used in the analysis. The energy relations
take into account the energy expended by the compression process
of the pressure wave whose action forms the central subject of
the analysis. The source terms in the principal conservation
equations depend on the gas generation rate which in turn is de-
termined from the particle continuity equation that 1is subject
to a given expression for the rate of particle consumption by
the reaction process.

The continuity equation for the mixture in the reaction zone

states that the mass per unit cross-sectional area increases at
a rate equal to the sum of the oxidizer and particle flux across

the front,
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d /. . A .
Ltk + )+ S o

where fnfris the particle mass in the reaction zone andrﬁfkis
the flux of particles into the reaction zone at time t .
Since gas is generated in the reaction zone at the expense

of particles, the continuity equation for the gas is in essence

the derivative of Eq. (2-6), so that, in accordance with Eqs. (2-7)

and (2-8), it is represented by the relation

8%—(33‘")(”) = nl,srﬁ— S‘Jg& | (2-11)

The particle continuity equation is then obtained by sub-~

tracting Eq. (2-11) from Eq. (2-10):

Jc«it—(m o rﬁ,’"‘= n.'pr” n:)+ (2-12)

The energy equation for the mixture in the reaction zone

specifies that the internal energy accumulates there as the re-
sult of the influx of material across the combustion front and
flow work on the system, while it is expended in the form of

work performed by the expanding front on the compression of the

medium by the simple wave, that is

d—%_('jﬁreﬂrxr“i' m,frefr-) = dng(eax‘*‘ -%;)"’ nﬁf,(efﬁ— %x) (2-13)

where € denotes the internal energy which includes the energy
of formation, and subscripts pr and-Tm refer to particle quanti=-

ties in the reaction zone and just ahead of the front, respectively.
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The mass transfer in the reaction zone from the particles

)

to the gas is associated with an energy transfer, rﬁ}(ef,p*

so that the gas and particle energy equations are

vt oles B iyfepr £) o

and

A ¢ . . '
A Al B ) yfeper £2) @9

Equations (2-9) through (2-15) hold for any thermodynamic
description and for a general mass generation rate. However,
according to Idealization 1, 7)f«1' so that 75’—"’4 i, fsi."/‘j
and ?‘P»gf , while from Idealization 2, ?1;- const, Conse-
quently, only the mass and energy equations for the gas phase
and the mass equation for the particles are needed for determining
the generation of pressure waves at the combustion front, Equa-

tions (2-9), (2-11), and (2-14) become respectively:

dY. _ A+Y. ]
dLo L (hspY) e

while

Zf’F(Y%"xr) = !’]:75_ T S S}%)\

or

dlng, =.__(

2-17
e w,\) ( )

far
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where

and

d v . o
J??(fgreivxr) = m*e'pr‘-"— s?gx(eﬁx*’ %) T RW

or

de 1 1. - .
AR TR

where

Uge = Wy — s
is the absolute gas velocity at the instant when it is over-
taken by the reaction front,
As a consequence of the fact that, as pointed out at the
outset of this section, the state of the products in the reaction

zone are described in terms of Ta,‘j; , and Sﬁ_, it follows that

o= ln T ) ) ey = epla T Y)
and Eqs. (2-17) and (2-18) can be written more explicitly as

follows:

M"? dlnB-+ Sln \rC““T"' N Gay JY _}_(rhp»sg,,
X

n
dMnR dt T dt T )Y, prahe N ‘Wx> (2-19)

and

deg dinp, , deg dInT Jeg,dYy

r. o |j ]
dnp dt +.)InT; di *;Y, dt -?3« [m (e )fssg,,(,, ,,)ru (2-20)
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where according to thermodynamic identities

de «p(élng + élny)

and ,)Inf) - 5’ MnT A Inyo
o€ din
—_— 7- + i ———2-
Jln1ﬂ £ 3InT
while, as a consequence of Idealization 2, e»px ef 7°°= const.

The compression process, which yields the expressions for

.Pax(ﬂ‘) , %x('Px) , and ugx(ﬂ) , is accomplished, according

to Idealization 2, by the action of a simple wave which, as

stated in Idealization 4, propagates through a perfect gas with

constant specific heats., Consequently:

e
fax = $ge (%)

A o8 (2-21)
X o _i..— 12 (ﬁ) 3‘_ i
9 9 Y-1 fjc YA

L

il
b
+

and

where aa,is the velocity of sound in the undisturbed medium,
Its value depends on the assumption concerning the particle
motion, In this respect, as stipulated in Idealization 3,

two cases are considered: (I) where the particles do not par-
ticipate in the gas motion at all, and (II) when they follow
the gas motion identically.

In case (I) then:

cro= R T - 0
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since disturbances are propagated only through the gas.
In case (II), however, the particles are an integral part

of the mixture, so that its molar mass becomes, according to

Eq. (2-3), '77”,”:777#(!1-77) ; and

i’:&s_ (2-23)
‘/X‘ ﬁ*%& q{
The quantity'X is the specific heat ratio of the gas phase,

The mass generation rate, the last quantity needed to com=-

plete the formulation of the problem, is evaluated as follows,
The mass of particles accumulated in the reaction zone per unit

cross-section area over the total time interval from o to [ is

T
_ (. e\ (2-24)
[~}
where ¢%?;QJ is the fraction of particle mass still existing at
time f out of that which entered the reaction zone at time ¥x .

From Eq. (2-24) then:

t
d f d FE )
. A : 2-25
My = gt )™ (6 et dt, J t) % - m ‘(t)é”(t,t)( )
and Eq. (2~-12) yields
Het, . _
m——f i .J Wt + '4,»(&,)[1« Qo) (2-26)
The quantity ¢TQ¢}) can be expressed in terms of concen-

trations averaged over the whole extent of the reaction zone,

— i f Eq. -2
(j*fxr (t,fx) . Consequently, with the use of Eq. (2-2),

=3, - ,
f(t 2 ) ‘j?,mu:ft;b xr('t) _ r (t, tx) nfxr(t,tx) xr(t) (2-27)
G par (£ 1) XolEx) F (6t 10 [ £)X, (6

fkf‘
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where 1ur(t ) is the average number density of those particles
which entered the reaction zone at time ix and still exist at
time ¢ (i.e., in our case their number at time T divided by the

width of the reaction zone at the same time)., But, as stipu-

lated by Idealization 1, their number fmr(ﬁt‘)x (t) is invariant,
so that
)

FLE) = org
whence

P, t) = 1 (2-28)
and

Jfs) 3 2 ) dr

dt ?S(thtx) g

Furthermore, since according to Idealization 2 at t= f; the
particles are still intact, it follows that 'F(fxt;)z ?;.
)

Consequently Eq. (2-26) becomes

-t .

, |
m = ?J t)r&’t‘)dt Ji’ (2-29)

Equation (2-29) attains an explicit form by the introduction

of an expression for the rate of particle consumption. For this

purpose, as specified in Idealization 5, the commonly accepted

rule

ar_ _ (2-30)
dt

=
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has been adopted. Equation (2-29) reduces then to

t
. .'W\J
m =—x|m ({t)r(tt Hf (2-31)
§ [P f
where
/ _c
ey = (7 - 2wit-t]) eae £
F (2-32)
= © ttze |
°K

Finally, since in case (I) the particles remain stationary
and therefore enter the reaction zone only by being swept over

by its front:
mfx(t"): a%aw‘(f‘) for case (I) (2-33)

while in case (II) they maintain a constant loading fraction in

the compression wave, so that

mfx(t)b =]S %4({3\) for case (II) | (2-33a)

2~1,3. Non-dimensional Formulation

As a consequence of the rule of Eq. (2-30), adopted here
for the rate of particle consumption, the most natural standard
for the reduction of the physical dimensions of the problem is

the time constant:

2
6,2 -3
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which, as is apparent from Eq. (2-32), expresses the double-
life time of particles in the reaction zone.

Consequéntly the non-dimensional fime and space coordinates
are

t - X
z and )L = Wt (2-35)

0

o

i

the latter being compatible with non-dimensional velocities

= -2 z X T o= L 2-36
S O‘go ) W\ Q‘JC ) qu B Qe ( )

The thermodynamic parameters are non-dimensionalized by
referring them simply to the initial state of the undisturbed

medium, i.e.,

- T J2 ) C P e
= — == D= V= =z £ z €fee
ﬁ’ ) 6 lc ) D 30 )V-, D’ Cf’ 7? 4 E ﬁ‘ (2-37)

Finally, the mass generation parameter and the radius are

reduced in the straightforward manner by the introduction of

m _
= E_E§_ and T?
P g0

i
oﬁll"ﬂ

(2-38)

Since the problem is concerned specifically with the de-
termination of the change of state in the reaction zone, its
parameters become the major dependent variables, and, as a
consequence of Idealization 2, they aze functions of 9 only,

while )(is relegated solely to the description of the extent



of the reaction zone and is therefore also a function of 7,

Hence subscript qr is dropped everywhere without introducing

any ambiguity, with the clear understaﬁding that all symbols

without any subscript refer solely to the gas in the reaction

zone,

Under these circumstances Eqs. (2-19) and (2-20) become

respectively:
A -lnP -B(_”ne _
Vda + K )
and
JLGP ' Jbv@ _
AT L Bdle.
or:
(_J_,D_ _ _P B;;‘d}," Boc.ﬁg
dr A, B, - A,B,
and

Equation (2-9) gives simply

dy,

da

g,

¢

(2-39)

(2-40)

(2-41)

(2-42)

(2-43)
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while from the definition of u&,

dX .
5 = Y% (2-44)
The coefficients in these equations are defined as follows:
3V 3 ‘_(éan' 3
A.E —(Jin P>e v o - ;‘"G‘)PJY
(2-45)
_ /BN L s i \
A2= (3lnnp>0‘7' - PV (/\11— B.)
P) Aln@) = (/‘G T PVB’ j
The source terms are given by
Fo= i
¢ =X //f-b DOV - W, +P¢ (2-46)

@ E%[ (E —E) 1‘5[) (I'_:p"#) EAU?]‘ (74/3 (2-47)

where
_ /38lnV _/oE
F = ( Y )‘FJG and G = ( 3 Y )P)e (2-48)
while

iga "Xv_ ( ,SD,J Y 1+Y) - (2-49)



and

va =3+ Uﬂx(P") (2-50)

Furthermore, as a consequence of Eqs. (2-21),

Jy

[)3, =F (2-51)
| (=5
By = Byt W[K T4 (2-52)
and
- .
U(]A:Y_?'T[Pé?- 1] for case (I) (2-53)
or
ol
2 PP
Lj3x~= = for case (II) . (2~53a)

Finally the gas generation parameter becomes, according

to Eqs. (2-31), (2-33), and (2-38),
e~

/¢/=3ﬁ[\/\(‘(ﬂ)R(T)Tj‘) A*T; for case (I) (2-54)

20
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where NN&(B) is determined by means of Eqs. (2-50) and (2-53),
and, with the use of Eq. (2-51),

-
“

ANy '/‘ »
4' c{,—.j'ﬁ-%,SJIf xR(»T"T)J-i; for case (II) (2-54a)

@2

while, as a consequence of Eqs. (2-32), (2-34), and (2-38),

i b |
Rezr) = (1 =2l i), s

(2-55)

= C‘, »I\__\_, )

) A ér

The problem is now fully defined in terms of four differ-
ential equations, Eqs. (2-41), (2-42), (2-43), and (2-44), and
one integral equation, Eq. (2-54), which describe the variation
of five dependent variables: P, &, Y , X, and 4. The
primary coefficients in these equations are evaluated from the

thermodynamic equilibrium equation and state data giving in

essence

VaV(Pey), C G lpey) amd  E=E(Fe ) (-5

and the rest of the coefficients are, by virtue of Eqs. (2-51),
(2-52), and (2-53), functions of 'Fi only.

The integration is carried out subject to the following
initial conditions:

P=e =1 Yz=X=«4=0 & T =0 (@57

)
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(while, as a consequence of Eqs. (2-56), V=1 and E- E.)

and the constraint prescribed by Idealization 6:
. - ,
E =V (2-58)

for specific values of the loading factor, 4?@ » and the rela-
tive speed of the combustion front, f;, which, in the formalism,

became the major parameters of the study.

2-1,4. Steady State

For each set of parameters the solution approaches asymp-
totically a steady state that results from the vanishing of the
thfee derivatives expressed by Eqs. (2-41), (2-42), and (2-43)
while that of Eq. (2-44) becomes a constant, or, what amounts
to the same, from the fact that all source terms vanish while
W attains its steady-state limit. On the basis of Eqs. (2-46),
(2-47), (2-49), and (2-50), the steady state is therefore de-

fined in terms of the following relations:

[/45 -+ SDJJVS — [5 + L’gx‘] =& ' (2-59)
/t(lefv - Es.(PS,Vs,Ys) + 5 ng[ Eji& - Ey( R &, Ysﬂ‘i?—, Us =0 (2-60)

Mg — SD%YS =0 (2-61)

7

where subscript < refers to the steady state., It should be

noted also that, as a consequence of Eqs., (2-56), \Ashas been
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adopted as an independent variable, replacing € , so that EzubE'
came a function of [’ Y, , and ?; , and, in accordance with the
constraint of Eq. (2-58), it has been already taken into account
that Ti = TZ .

Equations (2-59) and (2-61) yield

i

- U aa
Ve = Ty )LD‘]" ‘ ?“BJ} (2-62)

while Eqs. (2-60) and (2-61) give

Eq(P, V.

\-(V

lEjA +ELY. - JDS—“*"——] (2-63)
> < T rS D x
Equation (2-62) can be looked upon as representing a rela-
tionship between \Q and Fi , With 72 and & as parameters.
Of these, one can be eliminated by means of Eq. (2-63) to yield
in effect expressions for lines of constant $ or of constant
Y; in the Ti“'VQ plane, Moreover, as is readily evident from
Eqs. (2-62) and (2-63), the elimination of Léxcauses the concomi-
tant elimination of & , and, consequently, the disappearance
of any dependence upon the motion of particles in the simple
wave, Hence the relationship between the state pafameters [ ’
Q, , and Y; is independent of Idealization 3.
The steady~-state gas generation term can be expressed di-
rectly from Eqs. (2-33) by noting that for rnf\<-o , as 1s ap=-

parent from Eq. (2-12), vﬂ*-—fﬂfA. It follows then that

M= %VVA = %[S + u‘j,:[ for case (I) (2-64)
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and

/{:70SD3K for case (II) (2-64a)

The same result is obtained, as the reader may amuse hime
self verifying, from Eqs. (2-54) and (2-55) with E :}g = const,
and VW, = const,

Combining Eqs. (2-64) with Eq. (2-61), it follows that

Ys= %[% + Ug,:l

5 D,

for case (I) (2-65)
and
Ys" 70 for case (II) (2-65a)

which permit lines of 7% = const, to be plotted in the R~-Vg
- plane., Subsequently, by invoking Eqs. (2-56), lines of const,
$ , Ys » and 7, can be also plotted in _the Ps-— &, plane,
Since, as a rule, the simple wave will coalesce into a
shock wave before the sfeady state is attained, it is also of
interest to determine the steady=-state parameters for the case
of a shock wave followed by the reaction zone. This is accome~
plished quite simply with Eqs. (2-62), (2-63), and (2-65) by
the use of normal shock relations for E%x(%)' ng(ﬂ) , and
Uﬁ*(&) in place of Eqs. (2-51), (2-52), and (2-53).
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2-2, Results

2-2,1, Specifications

Numerical solutions were obtained by means of the University
of California IBM 7090 computer with the use of JANAF Tables [22]
as a source of data for the thermodynamic properties of ‘the con-
stituents. All the state parameters were determined for the
equilibrium composition using our own program written for P, &,
and Y as independent variables.

The particular mixture adopted for this purpose was liquid
hydrazine and gaseous oxygen at an initial pressure of 1 atm and
an initial temperature of 300° K (Q,= 330 m/sec). Since it
turns out that for this mixture the mass of fuel is equal to the
mass of the oxidizer at stoichiometric proportions, the value
of S{=~i corresponds to stoichiometric composition,

The value of the constant in Eq. (2~30) is for most hydro-
carbons [23] about

“4zﬂn2
K=25%X10 2ec
so that the time constant defined by Eq. (2-34) is approximately
2
'to = Clo Microseconds
where dL is the particle diameter in microns,

The parameters of the problems used for the computation

of the transient behavior were

S = .08 Jo ano/ 20

) )
and

7 = .05 .10 and .20
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while for the final steady state a much wider scope of S from
0.005 to 0.2, Y from 0.005 to 1.6 (which, according to

Eq. (2-65a), is equal to 7 in case (II}), and %, from 0,005

to 0,2 has been explored.

2=2.2, Transient Process

The results for the transient case are expressed with ref-

erence to the steady state in terms of the following parameters:

X

.o B K X
X“: Ws TR ugrs
(2-66)
=P-1 _'7‘-’—'73 . V=1 _ E - T‘T::
S Ves® Vet f fogo Ot EI T

where subscript S refers to steady state. The use of these
parameters enhances the correlation between the results and
leads therefore to clearer conclusions,

To describe the general character of the solution, Fig. 2-1
has been plotted for a particular set of parameters 7, = 0,10
and Sa 0,20 in case (II), i.e., when the particles follow the
gas motion identically. The reaction front is represented by
the thick continuous line, the thin lines describing the charac-
teristics of the simple wave, Particle paths are shown by thin
broken lines, the thick broken line delineating the end of re-
action, i.e., when the particle radius becomes equal to zero,
In accordance with Eq. (2-55), the residence time of each
particle (until it disappears) in the reaction zone is 0.5,
Since at X =0 the particles are at rest, the intersect of the

line denoting the end of the reaction zone with the 9 ~axis is
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exactly 0,5; however, it is of interest to note that the transient
is by no means over at that time,

Figure 2~-2 describes the motion of the reaction front in
the various cases investigated here, It should be noted that
the front world-lines are depicted there in the reduced time-
space coordinates where this used instead of the Xof Fig., 2-1.
To help decipher the diagrams, auxiliary curves of Wgas a
function of S are inserted. In case (I), i.e., when the particles
are at rest, both the increase in e and in S enhance the ac~
celeration of the front. In case (II), however, just the oppo-
site holds true, while the acceleratioh is always larger than in
the previous case,

The corresponding pressure profiles are shown in Fig. 2-3,
The trends of Fig. 2-2 are reflected here in the fact that cases
of larger acceleration correspond to faster rise in pressure,
The most significant, however, is the observation that it takes
a surprisingly long time to attain steady state which, especially
in case (I), none of the profiles achieved within the time in-
terval well in excess of the double~life time of the particles.
The steady state is attéined most easily for low ldading factors
and low flame speeds in case (II), i.e., when the particles
follow the motion of the gas identically., In drawing conclusions
as to the absolute value of pressure, reference should be made,
in accordance with Eq. (2-66), to the steady-state values (given
in Figs. 2~6 and 2-7). One should note in this respect that a
higher value of 'E; does not imply a higher value of P. In

fact, as the reader may verify, higher pressures are developed
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for the same value of Z% in case (I) than in case (II), although
the opposite holds true for Eg as it appears in Fig. 2-3,

Figure 2-4 demonstrates the relation between pressure and
temperature, and Fig. 2-5 that between pressure and specific
volume, over the whole range of the pressure pulse from the in-
itial conditions when R =6,.=V, =0 to the final steady
state when &S=et$=vh = 4 . They represent, in effect, in-

S
tegral curves of equations

dP P B;¢-B4d,

Je © AQ,- A% (2-67)
and

JP p B.¢-B&,

v 3 mal (2-68)
where

A+ = ‘XV—[W —(u+ 5 Dx)V] (2-69)

respectively., Equation (2-67) is obtained directly from Egs.
(2-~41) and (2-42), while Eq. (2-68) is derived from Eq. (2-41)
and the first term of Eq. (2-46) which, as can be verified by
dinY
dT-

Of particular interest here is the manner in which the

reference to Eq. (2-17), expresses the derivative: -

steady state is approached., As it appears from Fig. 2-4, in
case (I) the temperature tends to approach the steady state

faster than pressure, producing even an overshoot for higher
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loading factors and lower front velocities. For 7)<0,05, the
pressure approaches the steady state earlier, and with f;=0.20,
the temperature is then practically proportional to pressure,

A similar role is played by 7,=0.10 and ,S=0.20 in case (II),

but the temperature overshoot is not apparent there within the
scope of parameters used for our study., Figure 2~5, which in
trend agrees of course with Fig, 2-4, shows a much more signif-
icant overshoot in specific volume, especially in case (I). In
contrast to temperature, however, it occurs for both high loading

factors and high front velocities.,

2-2,3, Steady State

The steady-state diagrams which, as a consequence of the

the results from Figs. 2-2 to 2-5, are given in Figs., 2-6 and
2~7, the former in the FQ'AVS plane, and the latter in the
Fg"ék coordinates. Plotted there are lines of constant E(s
besides lines of constant 7, and S which appeared in the
transient plots. For case (II), according to Eq. (2-65a), lines
of const, T{

S
Finally, Fig. 2-~8 gives the steady~-state parameters in the

\
|
\
|
definitions of Eqs. (2-66), are necessary in order to decipher
|
|
1
|
|
and 7), coincide with each other.
|
i
R-6, plane when compression is assumed to be accomplished by
a shock instead of the isentropic simple yave; By comparison
with Fig. 2-7 it appears that the coalescing of the simple wave
into shock has a relatively insignificant effect on the steady

state attained by the pressure pulse.
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2=-3, Discussion and Conclusions

2=-3,1, Salient Features of Solution

In order to bring out the essential character of the solution,
it is instructive to examine the results under the assumption that
the gas in the reaction zone behaves as a perfect gas with con-
stant specific heat and the same molecular weight as the oxidizer.
Hence, the volume ratio defined in terms of the pressure and

temperature is

v = e/P (2-70)

and the energy, which applies only to lean mixtures, is

X e -1 _
E—‘H—YEH + -1 (2-71)

The quantity E; is a constant energy of formation of stoichi~

i

ometric products per unit mass of initial fuel particles at the

initial state, and &_ is the constant specific heat ratio of

the reaction zone gases. Consequently, Eqs. (2-45) become

= 4 B = -1

A, ’ C(2-72)
_ /=)
A?.. = 0 ) BZ - Yr-l

while Eqs. (2-48) yield
E
- A — -
F= o } G —-ﬁ(“Y)z (2-73)

Substitution of Eqs. (2-46), (2-47), (2-49), (2-51), (2-52),
(2~70), and (2~71) into Eqs. (2-41) and (2-42) and rearranging

gives
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and

0= Es—E (2-76)

¥

is now an additional parameter of the problen.
It should be noted that Eqs. (2~-43), (2-44), (2-54), and

(2-74) do not contain any dependence on & , and hence the

pressure pulse may be solved independently of ©.

At the initial condition Yr-—-Y and P=e =D :_1_ , and

3%
(%9 = (y-)(+ _a‘_-—)q/i""f& 2217
9 =0 -0
while
(ZJT;)‘T—O (Y1) 1 q’f-';'of "{Xi (2-78)

For small values of 4", Eq. (2-54) can be represented approxi-

mately for both case (I) and case (II) as

= 37 ST’ (2-79)
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while X takes the form

X= S (2-80)
which implies that the gas velocity is zero and that the particle
size has not changed in the reaction zone. Hence, ""”ffi: 3’70

T0 X

and Eqs., (2-77) and (2-78) become

dP |

s _ - 4+ —

I= 37 (v-1)(00 "y (2-81)
and

Jde .

J= =3%(-)0 (2-82)

respectively, Note that at time zero, Eq. (2-49) is
—= 3 2-83
da- 7 . (2-83)
For the hydrazine fuel and oxygen gas considered in the

analysis, {2 /&5 200 while M==1.4. Hence, Eq. (2-81) is
dP __
ar = 2107, | (2-84)

The discrepancy betweenlvalues obtained from this eipression
and those from Figs, 2=3 and 2-7 arises primarily from the
fact that V was not considered to be a function on in Eq.
(2-66).

The steady-state solutions for a set of parameters are
obtained by equating Eqs. (2-74) and (2-75) to zero with Eq.
(2-61), Therefore,

—Jg(Pﬂan) Yr
o R

v
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and
A, Se-1 D
-—éi(ﬂ ¥ '> Yol _ék ’(I— ) (2-86)

With the help of Eq. (2-61)~4g y O , and l&x may be eliminated
from Eqs. (2-85) and (2-86) to yield a relation between the

steady-state properties for a given{l :

6 =1+ i,,{([);/b:' Dox i)*“(ﬂ 1)] (2-87)

and hence

-6 _ 4 Y )
Vs'_P;'?s[ I+Ys( (-1 - T-l-LY)]’L %%X(Z’“)

The solutions displayed in Figs. 2-7 and 2-8 indicate that
the relationship betweean and © is essentially independent of
FD. Hence the last term in the bracket of Eq. (2-87) dominates
the first,

As in Fig. 2-6, Eq. (2-88) i11ustrate§ that for given
values of Ys and {) the solutions for Psand Vs lie appfoximately

on a hyperbola,

2-3.,2, Conclusions

As to overall conclusions, one may note the following

consequences of our theory.

Most of the curves describing the transient process in

Fig. 2~2 (especially for case (I)) are grouped together,
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_2
AL

principally as a result of using 1g== K as reference time,
It can be concluded, therefore, that the development of the
transient process with time is governed essentially by the
life time of particles which, in turn, depends only on the
mean particle size and the reaction rate constant, As demon-
strated in Figs. 2-4 and 2-5, the progress of the transient
process on the thermodynamic plane depends, however, on the
initial composition and on the relative velocity of the com-
bustion front,
From Figs, 2-6 and 2-7, it appears that curves of constant

are almost the same, independently of whether they refer to
case (I) or case (II), while, as demonstrated from Eqs. (2=-62)
and (2-63), curves of const, SL are identical. It follows
therefore that, for the determination of the finally attained
steady state, particle motion in the simple wave can be completely
disregarded, provided that composition of the gas in the reaction
zone, rather than the initial Ioading factor, is specified. At
the same time, as far as this state is concerned, it is practi-
cally immaterial whether the compression process has been carried
out by the simple wave on one side, or by a shock wéve on the
other side, of the whole spectrum of possible wave compression

processes,
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3. INFLUENCE OF PARTICLE MOTION

The need for more careful consideration of particle motion
during the combustion initiation process is manifested by the
wide variance in pressures obtained with case (I) and case (II)
in the previous section. Consequently, the effects of such
motion are here analyzed on the basis of a realistic drag law
which requires the particle velocity in the unreacted region to
depend not only on the gas velocity, but also on its acceleration.
The flux of fuel into the reaction zone is a function of the
velocity field. Hence, the feedback system, consisting of the
reaction zone and the pressure fan, will be less stable, empha-
sizing the importance of the link between the chemico-kinetics
and the gas dynamics of the problem,

Several important aspects of the solutions that will be
obtained with real particle motion can be deduced immediately.
The particle acceleration is zero at the start since it is gener-
ated by the flow field. The initial stage of the process is
described, therefore, by case (I), while the motion of case (II)
is approached at the final steady state because by definition
there can be no velocity lag at the reaction front, Hence, con-
ditions at the beginning and end of the transient are known from
the results of case (I) and case (II) respectively, and the
purpose of this seétion is to study the transition process, |

Rudinger and Chang (5] presented the complete characteristic
method of analysis for non-steady gas-particle mixture dynamics,

together with several examples. Instead of applying their



36

sophisticated technique to this problem, it was decided to make
several assumptions which render the problem more easily tenable
and still permit the salient features of the phenomena to be

determined.

3-1. Analysis

3=-1,1, Particle Acceleration

Although the region ahead of the combustion front really
consists of a complex wave region, it is assumed here that the
flow field of the gas phase is described by the equilibrium
simple wave of case (I), while the fuel particles again abide
by Idealization 2 of section 2. The velocity field of the par-
ticles, on the other hand, is obtained by integrating the ex-

pression for the acceleration [5]:

Dues DE -. _
gy 2 Cnyg(u—ufﬂu-uf\/(n?f) (3-1)

where U and ‘ﬂr are the gas and particle velocity, EP is a
particle trajectory,-ﬁ?- is the substantial derivative in t-x
space, and C; is the drag coefficient., The non-dimensional form
of Eq. (3-1), consistenf with the previous definitions of dimen-

sionless time, space, velocity and density, is

DU, p® 3 D
Dq;?: D2 = 2 (%CO(U‘U,’,)‘U'U,’,—E% (3-2)

where 6%%9“) is a non-dimensional parameter, DfE ff/fgo and

= §/(f°aa;)‘ The expression used for the drag coefficient, C,,
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is that proposed by Gilbert, Davis, and Altman [24]:

-.85
C, = 28 Re + .48 (3-3)

where the Reynolds number, Re , is defined by

_ 2% lu-wilT, 2 DglU-Ty]
Re= 5= —1—F (3-4)

and A is the gas viscosity, while A"f)/(goaaoﬁ)‘

In addition to Eq. (3-3), constant values of Cﬁ,were used
to test the sensitivity of the solutions to the value of the

drag coefficient,

3-1,2. Mass Generation Rate

Modifications to the analysis presented in the previous
section due to the consideration of real particle motion occur
only in the expression for the mass generation rate in the re-
action zone;/q . Specifically, the expression for the flux of
particles ihto the reaction zone at time t} ,'T?x is needed.
The general expression for this quantity, which applies here as

well as to case (I) and case (II), is

n.—, x(tx) = K(wXT‘ Uu X)= /70 a_ifl (wx_u X) | (3"5)
54 I7 4 fa Y-po 7

where ‘jfk and g/,x are the particle concentration and velocity

just ahead of the reaction front at time 't} . The quantity
u7“ is obtained from Eq. (3-1), while the ratio %ﬁ% is evalu-

ated by integrating the negative of the divergence of the dis-

tance between two particle paths which pass on each side of the

reaction front coordinates, (t,X) . Substitution of Eq. (3-5)
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into Eq. (2-26) yields the expression for the mass release rate,

which, in non-dimensional form, is

P’u)
M= 3’7ng£3(‘7})(\/\4— Uf;)(‘f;)R(‘T;?;) J‘ﬁ (3-6)

3=-1,3, Simple Wave Flow Field

The simple waves in the unreacted region will in general
coalesce [25], which leads to triple=-valued solutions for the
gas velocity in the {flx) plane. Since the particle velocity
field depends directly on that of the gas, only single=-valued
solutions can be permitted, However, the shock wave would
propagate approximately at the front of the cusp formed by the
coalescence of the simple waves, so it was logical to use the
solution corresponding to the largest value of M(AX) at those
points (E,X) where the flow field was triple-valued. With
this modification, the flow field of the particles can be com-
puted in a straightforward manner,

The problem is now determined by the four differential
equations from the previous section, Eqs. (2-36) through (2-39)
and the integral equation, Eq. (3-6), which now replaces Eq. (2-49).
The equations are subject to the same set of initial conditions
and the various coefficients defined by Eq. (2-40) remain un=-
changed since they are state properties. The integration is then
carried out subject to Eq. (2-51) for selected values of the |

loading factor, ’7% , and the flame speed, S .
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Before proceeding further, it is of interest to examine
Eq. (3-2) more carefully, For g—ﬁif’:o » which corresponds to
a zero transient period, the acceleration is zero for all 9~
since for any finite 4" , T is zero, and hence the solution is
given by case (I). However, for &9‘-2—?970 » the transient period

will be greater than zero and the process will depend on the

a,. vV,
values of —12-°, L , and Pf . Therefore, the solutions for

K 2 -
the |im.t (i':ﬁil‘a -0 are different than when a-ﬁ"Rri is set

equal to zero,

3=-2, Results

3-2,1, Specifications

In addition to 7), , the loading factor, and S , the flame
speed, (-1-9,2—€F, —Sﬁ , and f? are parameters of the problem because
they appear in the expressions for the particle acceleration and
drag coefficient, Eqs. (3-2) and (3-3) respectively. The values

taken for C%o, A, gf, and K in this problem are

G4, = B30 m/sec (oxqqeh, 300°K)

A = 2.03 c?n“njsec (Oxijﬂﬁn, 300°K)
Pp = 1 gm/ee. (h‘j‘lm*'ne,’%"f‘o
K = .oo2§ cmFsec ( Godsave [a3] )

while

, 25) anJ joo microns

gl
1]
G\

&f-
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so that _
Oac o
K = 8250) 33000, o.nJ i32000
and
— 2
o em-—S€c
jf7= 375}!230, anJ 49,20 —7F;—'

The results were obtained for z% =,/ , since for this dilute
case, the simple wave assumption for the gas phase in the un-

reacted region should be a good approximation,

3-2.2. Solutions

Figure 3-1 displays the solution in the 7-X plane for
S= .2 , and TV, =25" microns, and makes clear the assumptions
regarding the simple wave flow field in the region of coalescence.
The velocity lag of the particles is evident, and the effect of
increased gas velocity on the particle acceleration may be ob-
served by comparison of the two particle trajectories shown there,
The corresponding P-T solution in Fig. 3-2 manifests the

occurrence of a pressure overshoot during the transition from

case (I) to case (II), This is due solely to the relationship
between the gas-particle dynamics and the chemico-kinetics of
the model without the cénsideration of any extraneoﬁs effects
such as wave interactions and tube geometry. In addition, the
solutions in Fig, 3-2 for constant Cjindicate that the over-
shoot will occur independently of the law assumed for the drag
coefficient,

Figures 3-3, 3-4, and 3-5 give the acceleration, drag co-
efficient, and Reynolds number at the reaction front during the
transient process and show that the particle is accelerated in

essentially one unit of time, T .
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Figure 3-6 illustrates the dependence of the solution on ;i
where the other parametric values are the same as in Figs. 3-1
through 3-5, Although the pressure peaks occur at about the
same value of 4" for the three particle s%gfs, this is not true
in the dimensional time scale since € ={%qr. The solutions in
Fig. 3-7 are for the same conditions as those of Fig, 3-6 except
that S“.i; but now, as a consequence of assuming S to be con-
stant, the absolute reaction front velocity becomes less than
the particle velocity at the front when 2 3.3 for T, = 67';
microns as shown in Fig, 3-8, The point where q°==\N1is depicted
by the (‘fﬁ in Figs, 3-7 and 3-8, Although the solution in
Fig, 3=7 for 1, = éj' microns is not physically tenable beyond
T~ 3,3, the results indicate the influence of S on the tran-
sient process., The pressure asymptotes are smaller than in
Fig, 3-6, from the results of section 2, but the pressure over-
shoots are more pronounced than before for corresponding particle
sizes, This reflects the fact that the velocity with which the
flame overtakes the particles obtains a lower minimum in the tran-
sient for S=.1 than for $=.2 and thus fields a more sudden

pressure decrease,

32,3, Time Lag Law

Since the particle motion was characterized by a velocity
lag relative to the gas phase, the transient process was ana-

lyzed for the following particle flow field:
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(X)) = o

T / ar/ & q:(a.j
= U (‘T*q‘jast) ) 9 }/ q:(ag
so that
dex
Yo i A

I
- P lmg ), T T

where the quantities P and U are functions of @ and X is
the unreacted region. To perform the integration, the values
for-gié and (%“ must be substituted into Eq. (3-6). Since for
each l;t)int ('I:X) of the unreacted region there exists a point on
the reaction front such that the simple wave emanating from that
point passes‘through @T;X), these may be expressed in terms of
properties at the reaction front at a time “Tx with the aid of
the simple wave relations,

The pressure profiles for this case, which are now inde-

pendent of fﬂ%gl , -%%—, and ﬂP , are prgsented in Fig. 3-9
over a range of T““S fo:f '7,-:.1' and S=.2, By comparison of
Figs, 3-6 and 3-9, it is evident that the results for a given
set of fsﬁgi ’ -%% , and f} can be represented adequately by ,
the solution for a selected 1]43.

3-3, Conclusions

While the propagation velocity in homogeneous flames depends

primarily on the state properties and transport coefficients, in



43

two-phase’combustion it depends, in addition, on the relative
velocity of the gas and particles, For the flame model assumed
here, if the quantity S is too small the particle velocity lag
may cause the absolute velocity of the front to become smaller
than the local particle velocity during the deceleration period.
Consequently, to make the solutions reasonable during the decel-
eration process, E;may have to be chosen so large that, based
on experimental and theoretical evidence, it will be unreasonable
during the acceleration process. It should be noted that S=.2
corresponds to 60 m/sec for this problem ( &,= 330 m/sec; oxygen,
300° K), which is already an order of magnitude higher than the
values predicted by Williams [8] based on eigenvalue solutions,
The most significant aspect of this study is the occurrence
of the pressure overshoot in the reaction zone, indicating the
strong coupling between the thermo-kinetic and gas dynamic proc-
esses in two-phase combustion., Since the overshoot is of the

same order of magnitude as the asymptotic pressure, and its peak

.attained in about a millisecond, the results suggest a mechanism

for the source of the pressure disturbances in liquid rocket

thrust chambers which often amplify to destructive proportions.
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4, WAVE POLARS FOR NON-REACTING TWO-PHASE SYSTEMS

In accordance with Idealization 2, heat and mass transfer
between phases in the unreacted region were neglected in the
analysis of pressure wave generation. The study of the modifi~-
cations on shock and isentropic processes introduced by the con-
sideration of transport phenomena is therefore of interest., The
advent of rocket propulsion technology has already promoted a
substantial amount of work in two-phase dynamics [1-7]; however,
the problem of shock and rarefaction wave propagation in evapo-
rating two-phase systems has not been treated.

The purpose of this section is to consider the changes of
stéte brought about by the action of shock and rarefaction waves
propagating through two-phase mixtures. While the results ob-
tained for the jump conditions across steady-state shock waves are
correct regardless of the relaxation phenomena, those for isen-
tropic rarefactions and compressions are essentially approximations
since, strictly speaking, the assumption of isentropicity excludes
the existence of particle velocity lag throughout the process.

The solutions are presented in the form of wave polars similar
to those introduced by Oppenheim, Urtiew, and Laderman [26] for

the analysis of wave interaction phenomena,
4-1, The Particle-laden Gas

4-1.1, Equilibrium Sound Velocity

The general form of the expression for the equilibrium sound

velocity is [27]
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& - /P
% Iy P [Binf’)z (4-1)
dlnp  (ClegT \3InT

where.P is the density and(gge%the constant pressure specific
heat per unit mass of mixture, and the subscript e% denotes the
equilibrium condition. Equation (4-1) and the equation of state
enable one to obtain the equilibrium sound velocity,

The equation of state for a gas containing solid particles
can be expressed in térms of the volumetric fractions, 7%’ , and

the densities, ,f. , of the particles and gas, so that
[A

T M

where 27 is the mass loading factor, and the subscripts

m » q and o refer to mixture, gas, and particle quantities
respectively. While significant effects of finite particle vol=-
ume on the dynamics of gas=-particle systems were illustrated by
Rudinger [71, his results show that the assumption ‘%} X0 is
valid over an important range of application and hence this ideal=~

ization is invoked here. Consequently, Eq. (4-2), the perfect

gas law, and the definition of the mass loading factor yields
=f-7—77-’l-l- ) 4-3
0 (RT( 7 (4-3)

where 723 is the molecular weight of the gas and @ is the uni-

versal gas constant,

The specific heat ratio, (EBQL%, is obtained from the
specific heat equation
Blnp dlng
(Cf)3 ( )egl fT AInT (é\nr (4-4)



and from Eq. (4-3)

= T -
(Cf)ei_ (cv)e,l 6T (4-5)

Combining Eqs. (4-3) and (4-5) and rearranging yields

c ¥
(_r_)e? _ Yi+sm)

Cyv | +%57% (4-6)

where‘f is the specific heat ratio of the gas phase, and & is

defined by

(910)
SE r (4-7)
(Cf)g
Substituting Eq. (4-3) into Eq. (4-1) gives
i2
_[Y¥&T(1+5% ) i
ae%- 7775 \,1—3‘577 (H'7) (4-8)

or

/o
QReg _ | 1+87

Hence the equilibrium sound velocity of the mixture is
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always less than that of the gas phase, so that the'presence of

the particles has the effect of slowing down the wave, the same

effect as occurs when a gas of higher molecular weight is added

to a gas of lower molecular weight, Of course, in this case

the heavy gas contributes to the pressure, unlike the particle-

laden gas.



4-1,2, The One~dimensional Shock Process

The counterpart of the ideal gas shock relations is ob-
tained for the particle-laden gas from the equation of state,

Eq. (4-2), and the well-known Hugoniot equation
h,—h, =z -BXvi+ %) (4-10)

where F] is the enthalpy per unit mass of mixture, V is the
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mass specific volume of the mixture, and the subscripts © and

1 refer to the initial and final states respectively, The

non-dimensional form of Eqs. (4-3) and (4-10) are

—

PV = © (4-11)

and

2[ 72/ "2—( 1)(\7+ i) (4-12)

T

: : . . A = VY -
in which P is the ratio % , V V. , O= -

Z/E F‘:’vj . Eliminating © dependence from Eqs. (4-11)
(-]

, and

and (4-12) gives

Y+ AYS
P+ Y—7 .
[}:4-:123'5;77 P+ | (4-13)

The shock Mach number, AAO , normalized with respect to the

gas phase sound velocity in the initial state and obtained from

the momentum equation is

o, (P=DO-Y)
M, = A L1+ (4-14)
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where U, is the initial velocity relative to the shock wave,

Substitution of Eq. (4-13) into Eq. (4-14) leads to

_ [ (dp1+2¥smP+ x‘—l'] /2

Mo= [ v+ g5 )ie7) (4-15)

The velocity change across the shock wave, U , is easily seen

to be
U= M, (1-V) (4-16)

and with Eq. (4-15)

| /
(¥ +7) ] ]

4
= (P=D|X
U=(F ')[(nm— QYsy) P +¥-! (4-17)

If the shock velocity is supersonic, M°>1, the shock
will consist of a shock front followed by a relaxation zone.

However, when P satisfies

Y+ )+ avsw+a s 7(1+7)

(4-18)

1¢ P«

¥+ + a¥sy
and hence the values of‘ A4° are
(1+ 52 1+7)
I+ %57 <M, < 1 (4-19)

the shock velocity is less than the gas sonic velocity in the
undisturbed region. As a result of Aﬂo< 4, the shock wave
will be fully diffused and the gas and particle properties will
vary continuously through the shock wave, Similar phenomena

occur in reacting gas flows [6].
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The Mach number, M , and velocity change, U , normalized
with respect to the equilibrium sound velocity of the initial

mixture are obtained by dividing Eqs. (4-15) and (4-17) by Eq. (4-9):
]
_ [(W, + 2¥$7) P+ (¥-1) 2
o 2¥(1+57) (4-20)

<l

%

(4-21)

= (oo ¥/ (1+57)
- (P")(l+ys'7>[(§‘~+i+:xs:/7)m— ¥-i

Hence, as P— 1 , A—/lp—’r i » SO that the wave velocity for vanish~

ingly small pressure ratios is the equilibrium sound velocity.

4-1,3, The One~dimensional Isentropic Process

The particle~laden gas isentropic relations are obtained
with the aid of the equation of state, Eq. (4-2), and the isen-

tropic condition
dln p |
(cp), JT (alnT)‘JT’ (4-22)

Combining these with the aid of the definitions of .9, ?7 ’ B‘,V

and the non-dimensional variables, there results in integrated

form:
-/
7(1+87%
o = p /It (4-23)
and hence _L[H- Y s
F*LI+ 57

v = P (4-24)
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The change in particle velocity across the isentropic expansion

or compression is given by the invariant relation
U—-d, = qu 3 (4-25)

and with the help of Eqs. (4-22) and (4-23),

| e E=Lf1+57)
. 2 + YS%, 23\("?"8/
U = X—-II’_-IH-'? (’“”75' [P - :au-ze)

4-2, The Gas~-Liquid~Vapor System

The system consists of an ideal gas component with constant
specific heat and a condensed component with a finite vapor
pressure, It is assumed that the vapor behaves as an ideal gas
and that both phases of this component have constant specific
heats. The volumetric fraction of the condensed phase is again

considered to be negligible,

4-2,1, Equilibrium Thermodynamics

The equilibrium composition of this system is determined
by the thermodynamics of the condensed component in terms of
the independent variables,—f)and T . Since for equilibrium the

Gibbs free energy, 3 , of the two phases must be equal,

? ’
3?(’!‘)-%-[\/; dp = ‘jf(T) +va<17° (4-27)
% /4

where subscripts ¢ and v denote the condensed and vapor phase,

and the superscript % refers to quantities at the initial
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pressure, —7% . Since V&“’O » and the vapor obeys the ideal

gas law, Eq. (4-26) becomes

‘j (T)‘ M xT) + 7, /09[((;‘;’)) (4-28)

where Z is the mole fraction based on one mole of gas component
plus vapor and 7, is the molecular weight of the component in

condensed phase, Hence,

P2, 3 - 9n (4-29)
= = eXplarm,
The quantity 7R%;rg! » a function of the temperature alone, can

be expressed in terms of its value at the initial temperature,

the constant properties of the component, P, and ©, so that

2, = 5 explF (58 1- - hehh (i-g)ca-s0

where 0 is the molecular weight ratio of condensed to gaseous
component, § is the constant pressure mass specific heat of the
condensed component divided by that of the gaseous component,

and }4 is the non-dimensional heat of evaporation at the

initial state, H (%fﬁqﬁf)

The initial ratio of mass in the condensed phase to that

in the gas-vapor material is

7=( Z O > = ( Zo 0— > (4-31)
Z 0+ Zy 4 Z,0+ (-2,
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while the mass of the component in the condensed phase divided

by the gas component mass, an invariant, is

- (Z‘V‘l' Zc)O"’
?7 | — Zv
or
1 ) )
Z. = % - -ZV(H-Q) (4-32)

It is not possible to determine a priori whether or not Z.
will be positive from Eq. (4-31), but rather it must be found a
posteriori, In the event Eq. (4-31) yields a negative quantity,

Z_ is to be set equal to zero and

NN Vil

v / + 7/

The molecular weight of the mixture, 72&1, also an invariant, is

7/ 7773(/+7’)/(/+ 7/ (4-34)

where 72% is the molecular weight of the gaseous component. The

(4-33)

equation of state, given by Eq. (4-2), is most convéniently ex-

pressed as

1 /(/-/-Z ) (4-35)

’P P W

or in terms of non~-dimensional variables

e (+Z).
P O+Z)

<l
i

(4-36)



Differentiating Eq. (4-30), there results

olnZ, Yo i
= (s.-s. )& - ) +H/e
dlne Y- e Z.y0
dnZEv (4=37)
JInP = -1

blnz”t'y élnz\, Z =0
dlne — JimP ~ O o TeT

and from Eqs. (4-30) and (4-34),

Mn\—/- _ j_ + Z anzv

- | —Zy dlne

Y =z, (4-38)
n - _ v nZV

A Y

The non-dimensional enthalpy is

Y= q,!ﬂ\;;f %}‘:,[( I-2,)+0(3 2+ Sczj(e—') —ZJL} 8{%:))" (4-39

and the non-dimensional frozen specific heat is

— (c | |
(CT)ES (f%, - x? , [( I-2)+o(s,2,+ SCZ,)]%%%‘:))“ (4-40)

while the non-~dimensional equilibrium specific heat is

~ ~ Y : ' Zy ' v
(Cf)e% = (Cf ';'Z + .é“ -_?.‘J—](Sv- %,_XG-—I)‘F H\J 7:'27(/!;_%)0 g—"‘g (4"'41)
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It is interesting to note that since the derivatives of the
mole fractions defined by Eq. (4-37) are discontinuous at points
where Z,. becomes zero, the derivatives of V and Z/ , defined by
Eqs. (4-36) and (4-41), respectively, are also discontinuous
there,

The thermodynamic state of the system is now determined in
terms of the independent variables P and € , and the six param-

eters, Sc ’ Sv ’ 7 y Zve ITIV and G,

4-2,2., The One~dimensional Shock Process

The thermodynamic state data, the Hugoniot equation, Eq. (4-11),
together with a value of the shock strength parameter, the pres-
sure ratio, P » determine conditions at the end points of the
wave., However, it is not possible to obtain explicit solutions for
these equations and consequently they have been solved numerically
with the aid of the Newton-Raphson technique on an IBM 1620 digital
computer, Once the state properties on the Hugoniot curve are
determined for a given value of the pressure ratio, FD, the shock
Mach number and velocity change across the wave may be determined
similarly to Eqs. (4~14) and (4-16). It should be noted that the

solutions obtained here are independent of the initial state.
4-3., Results

4-3,1, The Particle~laden Gas

Figure 4-~1 shows the influence of 7 and § on the P-U shock
polar for the particle-~laden gas for )ﬂ:[f. The polars are sub-
stantially modified by the loading factor ‘77 , while the ratio

of heat capacities, § , is of secondary importance. In the
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plane solution displayed in Fig, 4-2, however, where /4 = 8
the influence of both 9 and 27 is significant, Consequently,
‘wave interaction processes will be substantially modified by
2 due to its influence on the sound velocity behind the wave,
The effects of'}’ and & on rarefactions are similar to those on
shock waves as shown in Figs. 4-3 and 4-4, The purpose of the
"windows'" in Figs, 4-1 and 4-3 is to permit the construction of
the polars for any given ”7 and $ where O$?<2 and 0$5¢2 .
Figure 4~5 is a schematic representation of a problem worked
out by Rudinger and Chang [5] which involved the formation of a
shock wave in a gas-particle mixture by an impulsively accelerated
piston. The values of )‘,jy , and S for their problem were .3,
1.125, and 1.4, respectively, and the problem was determined by
setting the initial Mach number to 1,30, With the aid of the
shock polars, the end points of this problem can be found immedi-
ately as shown in Fig. 4-6. The P-U polars and P-M curves for
the ideal gas phase and for the mixture are given in Fig. 4-6, and
conditions at {0 , C) , and 63 refer to the state properties of
the gas at time zero, of the relaxed mixture at the steady state,
and of the gas behind the shock front at the steady state, re-~
spectively, Points on line C) in Fig., 4-6 are determined by the
data, AA,= /.3, which in turn gives the piston velocity, UP\STON ,
since the gas and piston must initially move together. Line QZ)

is then fixed by U and knowing the value of the steady-

PISTON
state Mach number, M SHOCK * the conditions behind the steady-
state gas shock, line (:), can be determined., The numbers in-

cluded in Fig. 4-6 are those reported by Rudinger and Chang [5]
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and agree within graphical error of the polar solutions. Once
the pressures at the different points are known, the A-TU polars
will give the corresponding temperatures and densities,
Several interesting points may be deduced from Fig. 4-6,
(1) The gas velocity beﬁind the shock decreases from ,44
at time zero to .20 at the steady state and the shock Mach number
decreases from 1,30 to 1,12, which gives the shock front the

curvature displayed in Fig, 4-6. Consequently, both the parti-

cles and the gas will be accelerated in the relaxation zone,

even at the steady state,

(2) The steady-state velocity of the gas behind the shock
front and relative to the wave is MsH’ocK’ Ugnockep Ms"",?z,
while the velocity of the relaxed mixture relative to the wave
is M -U = .69, Hence, both the particles and the

SHoCK PISTON
gas decelerate relative to the steady-state wave in the relax=~

ation zone,

(3) The pressure increases through the relaxation zone.

Note that if AASHOCK< {, it is not possible for a discon-
tinuous shock front to exist so the gas and particle velocity
will vary continuously through the wave. |

Whereas hﬁ, was used to determine the problem here, the
polars permit several possible points of departure for solving

» M

the problem, such as |J , l; , etc,

PISToN SHock '’ ﬁ

4-3,2, The Gas-Liquid-Vapor System

The solutions of the gas-liquid-vapor systems showed that
the Mach number and velocity change across a shock wave were

affected very little by the occurrence of evaporation if the
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Table 4-1, Velocity Change, U , for P=10an4 7= l.

The gas-particle solutions for a § of 1 and

2 are /93 and /96 respectively,

(Z,,=:0015 | (Z,),=0500

nJ s o [Be 1 Bdre s 1Pt
111193 [196 | 193 |195

"2 1193 [196 | 195 |18
| , | 1] 196 | 198 | 196 | 200
2196 | 198 | 198 | 203
11196 | 197 | 197 | 197

"2 196 | 196 | 197 | 190
20 , 197 | 198 | 198 | 198
2197 | 198 | 198 |199
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Table 4-2, Mach Number, M , for P=]0and 7=1 . The gas-
particle solutions for a § of [/ and 2 are

2.39 and 230 respectively,

[(z):0015 [ (z,),-0500
DA T T
1234 [230 [234 [232

o ' (21234 |230 |231 |228
, | 1]230 |227 230 |226
2230 [ 228 |226 |222
11230 | 220 | 229 |228

"2 1230 [220 | 228 | 228
20 230 | 227 | 228 | 228
* (2220 | 228 | 227 |226
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Table 4-3, Sound Velocity of Gas Phase, A= ’5'3', for P=Jo
=d

and 7-_—-_.1 . The gas-particle solutions for a &

of 1 and 2 are /32 and [.22 respectively,

(Z,3:0015 | (Z,),=0500
H | & (o (54 =1 Bef =2 54 =154 =2
|1 ]1ee 122 115 116
21123 [121 |112 [117
10
, |1 ]1e1 114 114 |15
2119 114 [115 [125
ST 14 113 | 107 | 107
2105 | 107 | 104 | 104
20 _
, |11 [ 110 | 106 | 106
2| 104 | 107 | 104 | 106
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correct specific heat ratio of the gas and vapor is accounted
for in non-dimensionalizing the velocities, although the tem-
peratures, densities, and mass loading factor were substantially
changed. Hence, the solutions forij/and 70{ defined by

/s/z_ Ve ~ W

USaw, 0 M= (@
are given in Tables 4-1 and 4-2 respectively for the specific
heat ratio of the gas component equal to 1.4, ?7: L , and P=/o
for two representative values each of Sv ’ S(_ , Hv’ Z oo
and 0°, The difference in values between ,J and ’A))Jin Tables 4-1
and 4-2 and those for the gas-particle system are less than 0,06
and 0.07 respectively.

Table 4-3 gives the values of A= g—:o for the same con-
ditions ag in Tables 4~1 and 4-2 and indicates the significant
influence of evaporation on the solution for A. Hence the effect
of evaporation is an important consideration in the analysis of
wave interaction problems,

From Tables 4~1 and 4-2, it can be concluded that the in-
fluence of evaporation on the solution to the problem of Rudinger
and Chang [5], Fig. 4-6, is negligible if U arid M are used in
place of U and M. For example, UIHSTON is .442 in Fig. 4-6
whence Usiston is .526, and, for the extreme case in Table 4-1,

for the case with evaporation is the same as that shown in Fig. 4-6

to at least two decimal places.

4-4, Conclusions
The relationship between the pressure and the velocity

change across wave processes is essentially dependent on the
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mass loading ratio of the initial mixture, as well as the Mach
number, independéntly of the occurrence of evaporation and heat
transfer to the condensed phase of the mixture.

However, the temperature and density behind the wave are
dependent on these processes, This implies, then, that the
development of heterogeneous combustion will be affected by
these phenomena, since it depends on the density of the oxidizer
and fuel vapor that crosses the reaction front, In cases where
the vapor pressure is low, however, the process will still be

essentially independent of evaporation,
|
|
|
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S. CONCLUDING REMARKS

The generation of the flow field in a particle-fueled com-
bustion system is accompanied by:

(1) rapid development of large pressures which are strongly
dependent upon the loading factor, flame speed, and particle
motion, an&

(2) significant overshoots relative to the final steady
state which occur in the transient process.

Both of these points demonstrate the importance of the link
between chemico-kinetic and gas-dynamic processes in two-phase
combustion, Several facets of the problem which should be
sfudied in order to understand more fully and control the process

are here discussed.

(a) Mass Generation

Consideration of the fuel vapor in the unreacted region has
been neglected in the analysis of pressure wave generation. This
is a good approximation for fuels with a low vapor pressure, such
as hydrazine, and the transport phenomena will not influence the
process significantly. However, for fuels with a high vapor
pressure, evaporation in the compression region will be important
since then the vapor will reéct immediately upon entering the
reaction zone, which will severely modify the transient develop=-
ment as well as the steady-state solution. |

The mass generation law used in this study, Eq. (2-30), has

been found to be quite valid for the burning of single drops



63

in a stagnant atmosphere [23]. In this problem, however, there

is a gas velocity relative to the particles, and the state
properties of the ambient atmosphere change significantly, Hence
the effect of a more sophisticated mass release rate in the re-
action zone should be investigated, so that its dependence on the
vapor pressure, drop size, the pressure and temperature of the
gas, and the various non-dimensiohal parameters which characterize

the problem would be taken into account,

(b) Particle Size Distribution

The particles were characterized by a single size in the
analysis. Consequently, all particles were accelerated uniformly
in the compression region and reacted uniformly in the reaction
zone., If there is a size distribution, a separation will occur
in the compression fan according to particle size, since small
‘particles are accelerated more readily than large ones. In addi=-
tion, the mass release rate will be modified due to the size

distribution.

(c) Particle Shattering

It is well known [18, 28] that particle shattering (and/or
"exploding") drastically modifies gas-particle dynamics so that
this will in turn have a profound influence on the development

process,

(d) Flame Model
A constant pressure flame which propagates with a constant

velocity relative to the gas phase was assumed in the analysis,
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The more "explosive" flames will be accompanied by a sig-
nificant pressure drop, however, so that even higher pressures
will be obtained ahead of the reaction front. This, together
with the mechanics of non-steady two-phase flame propagation,

should be accounted for in the analysis.

(e) The Chemical System

Hydrazine was used in the analysis because of its low
vapor pressure and representative energy of combustion, Differ-
ent fuels should be analyzed to determine the effect of heating
values, equilibrium chemistry, and mole number amplification,
More important, it may be possible to alter the combustion
kinetics and particle shattering by chemical additives, and

hence lead to a more controllable process.

(f) Characteristic Analysis

Once the important features of non-steady two-phase com=-
bustion are properly understood by means of the studies outlined
above, the problem should be treated more in detail by the use
of the method of characteristics. The differences kill perhaps
be most pronounced in the pressure overshoot phenomena since
the properties in the reaction will no longer be constrained to
spatial uniformity, but rather they will be permitted to vary

in the reaction zone, yielding more '"freedom'" to the overshoot,

(g) Multidimensional Effects
The transient acceleration process in the analysis that

has been presented is due entirely to the extended reaction zone
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of the particle flame. In homogeneous flames, however, the flame
acceleration is caused predominantly by the growth of the com-
bustion front which results in the increase of the rate of energy
release. Hence these effects should be investigated in hetero-~
geneous combustion, and compared with the influence of the ex-

tended reaction zone on the flame acceleration.

(h) Wave Interaction Processes

A thorough understanding of the effects resulting from the
interaction of flames and pressure waves in non-steady two-phase
media. is important for deciphering combustion phenomena in liquid
rocket fhrust chambers., With the aid of the work outlined above,
a variety of these interaction problems can now be attacked from
a very basic standpoint, which should lead to a more complete

gfasp of the principles involved.
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